
Math 451: Introduction to General Topology
Lecture 12

Topological spaces .

Def .

A topology on aat X is a collection T of subsets of X satisfying :

(t)40 ,
Xh = Y:

his T is closed under arbitrary unions and finite intersections.

The pair (X
,
T) is called a topological space and thecets inT are called open.

The complements of open sets are called closed.

Example. For a metric space (X
,
d)

,

the collection of dropen sets is a topology on X
,
which

we call the topology induced by d.

Dot
.

A topological space IX, M is called metrizable ifT is included by some metric on X.

Remark
. Many important topological spaces are not metrizable

,

and this is why this
new subject is important. E . g .

the topology of pointwise convergence is
not

metrizable in general ,
but it's a really important motion of convergence.

Remark. All motions and proofs done for metric spaces which only used open/closed at
remain valid for arbitrary topological spaces.

Def
. Atopological space X is called Hanschoff (the mathematician who contributed most in

the forculations of this subject) if any pair x
,GEX of distinct points admit ~disjoint open neighbourhoods U*x and Vay
.

Example .

All metric spaces are Hausdorff because Ex +y ,
dlxs) > Pso open balls centered



at x and
y , resp

of radi Ed(x,s) are disjoint.

won-Hauschaft top spaces /hence non-metrizable).Examples of
(a) For

any
net X

,
the trivial topology on X is To : = 40, X3 .

If IXK2
, to is non-Hass

dooff. However
,
the "opposite" topology , namely ,

the discrete topology ,
on X

Taix := P(X) ,
is metrizable by the 01-metric.

(8) Let X := 30, 13 with the half-open topology Tn := 10
,

X
, 3037 · 8.

This is non-Hauschoff.
his rofinite

1) let X be a set and let Trofic := \UEX : 'XIU is finite 1303
Since finite unions of finite who is finite

,
Train is closed wader finite intersections.

It is also trivially closed under arbitrary unious ,
and contains IX

,
01

,
hence

Terin is a topology on X called the refinite topology.
When X is finite

,
Twooin = This

,
the discrete hopology,

When X is infinite (eg .
X= IN or X = 1)

,
Thin is not Hauschoff because the

intersection of any two rofinite ste is rofinite
,
heave nonempty.

(d) letIf be a field
,

e
. g . @R ; </pE , p prime ; D .

Let X :=F" forml.

We define the Zariski topology Tz on X by declaring the following sets closed :

the sets of solutions * EIF" to finite systems of polynomial equations in n

X= IR2variables
,

i
.

e
.
the closed ats we exactly of the form :

45
"

: p ,

(5) = 0
, P(x) =0

, ..., Pul =O) ,

xi+ y2- 1= pwhere me p,
are polynomials inn variables.

sats Ez isThat the collection of closed
⑨

D
closed under finite unious follows from the fact

*

that for polynomials P.,Pet It , . . . ,
ful,

y
-(x2- 2x +1) = 0410 , 1) , 16013 is closed .

the union of the sets of roots of p,
and
pr



is exactly the set of roofs of PIB. However
,
the fact that Ez is closed

under arbitrary intersections is highly mon-trivial ,

and this is called the Hilbert

basis theorem Which says in
the algebraic language that in the ring IFCty ...,

tu),
all ichels as finitely generated) .

This topology is non-Hansdorff unless the field If is finite ; this is bene every
closed set has less dimension Man the space ,

so all monempty open sets have

verempty interaction (in fact the complement of this intersection has dimension < u).
Note: For n = 1

,
the Zuriski closed ats are exactly all finite ats bease

every polynomial of one variable of degree h has ah roofs and for each at IF,

the set of roofs of the polynomial pla := tra is bab . In other words,
the Zariski hop on It is exactly the refinite topology Tofin

Obs
.

An arbitrary intersection of topologies on a not X is still a topology on X.

Def
.

Let X be a set and E=P(X)
.

The topology generated by 2 is the smallest topo-
logy on X containing & , namely ,

the intersection of all topologies containing &
Since there is at least one

, namely ,

the discute top . P(X)) . Denote this by Ts
.

This is an mon-constructive top-down definition
,
but luckily ,

there is a constructive

bottom-up equivalent :

Prop .
For any not X and EEP(X)

,
the topology Nan generated by I consistists

of all Carbitrary) unious of finite intersections ofdets in E
,

1
.
e.

Ta= 30, X3V2 arbitrary unious of ats in Enh =: Eve

where In := ( finite intersections of als in E].
Proof

.
First observe that since TG23

,
we also have TE : En bene file inter-

sections of open ats are open . But then alsoThe Eve base arbitrary unious

of open ste are open .

To show TGE EVA ,
we just need do do-that Eve is



a topology ,
byhe def of Th

. But clearly ,
Eve is closed under arbitrary unious

, by
definition

,
and it is also closed under finite intersections by the distributivity of

interstionsthroughunionsjeFreeneN Mu QED
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